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Abstract 

We study spontaneous super symmetry breaking in N = 2 globally supersymmetric 
theories describing a system of abelian vector multiplets. We find that the most 
general form of the action admits, in addition to the usual Fayet-Iliopoulos term, a 
magnetic Fayet-Iliopoulos term for the auxiliary components of dual vector multiplets. 
In a generic case, N = 2 supersymmetry is broken down spontaneously to N = 1. 
In some cases however, the scalar potential can drive the theory towards a N = 2 
supersymmetric ground state where massless dyons condense in the vacuum. 
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The framework of globally supersymmetric field theories is highly restrictive, allowing 
very few mechanisms for spontaneous supersymmetry breaking. In N — 1 supersymmetric 
theories there are basically two types of breaking: F-type and D-type, with the auxiliary 
components of chiral and vector superfields, respectively, acquiring non-vanishing vacuum 
expectation values (VEVs). F-type breaking is usually induced by a non-trivial superpo- 
tential while D-type breaking is generically due to the presence of a Fayet-Iliopoulos (FI) 
term associated with a U(l) factor in the gauge group.Q 

N = 2 supersymmetry is even more restrictive, with only one mechanism known up to 
date to break it, based on N = 1 Fayet-Iliopoulos term [0. It can be realized in the presence 
of a N = 2 vector multiplet associated to an abelian gauge group factor. Decomposed under 
N = 1 supersymmetry, such a multiplet contains one vector and one chiral multiplet. A FI 
term is also equivalent to a superpotential which is linear in the chiral superfield. No other 
superpotential seemed to be allowed for chiral components of N = 2 vector multiplets. 

Recently there has been revived interest in N = 2 supersymmetry, in particular in 
the effective actions describing non-perturbative dynamics of non-abelian gauge theories. 
In general, these theories exist only in the Coulomb phase, with a number of abelian 
vector multiplets and possibly hypermultiplets, and their low energy effective actions can 
be determined exactly by using the underlying duality symmetries ||. 

In this work, we study N = 2 supersymmetric actions describing a system of abelian 
vector multiplets. Since we are interested in these theories viewed as low-energy realiza- 
tions of some more complicated physical systems, we do not impose the renormalizability 
requirement and consider the most general form of the Lagrangian. We find that N = 2 
supersymmetry admits also another form of the superpotential which can be interpreted 
as a Fayet-Iliopoulos term for a "magnetic" U(l). A non-trivial potential can then be 
generated for the scalar fields. As a result, we find a novel mechanism for N = 2 super- 
ior a recent review, see jy. 
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symmetry breaking. Even more surprisingly, we find that N = 2 supersymmetry can be 
broken partially to N = 1 already at the global level.f] 

The basic points of our analysis can be explained on the simplest example of iV = 2 
super symmetric gauge theory with one abelian vector multiplet A which contains besides 
the N = 1 gauge multiplet (A^, A) a neutral chiral superfield (a, x)- For the sake of clarity, 
we begin with N — 1 superfield description and rederive our results later on by using 
the full N = 2 formalism. In the absence of superpotential and FI term, the most general 
Lagrangian describing this theory is determined by the analytic prepotential J 7 (A), in terms 
of which the Kahler potential K and the gauge kinetic function / are given by: 

i _ 

K(a, a) = -{aF- a - aTa) f(a) = -iT aa , (1) 

where the a and a subscripts denote derivatives with respect to a and a, respectively. In 
N = 1 superspace, the Lagrangian is written as: 

C = - J d 2 9fW 2 + c.c. + J d 2 9d 2 9K (2) 

where W is the standard gauge field strength superfield.^ 

The Lagrangian £ Q can be supplemented by a FI term which is linear in the auxiliary 
D component of the gauge vector multiplet: 

C D = s/2£D , (3) 

with £ a real constant. It is well known that such a term preserves also N = 2 supersym- 
metry gj. 

The Lagrangian £ can a l so be supplemented by a superpotential term 

C w = J d 2 9W + c.c. (4) 



2 It has been shown recently that partial breaking may occur in the framework of local supersymmetry 
3 We use the conventions of ref.(|]. 
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In order to determine what form of the superpotential is compatible with N = 2 super- 
symmetry we will impose the constraint that the full Lagrangian, 

£ = jC + Co + £w , (5) 

be invariant under the exchange of the gaugino A with the fermion \. This condition is 
necessary for the global 577(2) symmetry under which (x, A) = (Ai,A2) transforms as a 
doublet. It is easy to see that it is satisfied provided that the A A and XX mass terms are 
equal. It follows that 

W aa + i^W a = i^-W- a , (6) 
2r 2 2t 2 

where we defined r = T aa — T\ + ir 2 . The left- and the right-hand sides of the above 
equation correspond to the x an d A mass terms, respectively. Its general solution is: 

W = ea + mTa , (7) 

up to an irrelevant additive constant. Here e and m are arbitrary real numbers. For m = 
the above superpotential is equivalent to a FI term (|3|) with £ = e @. 

After eliminating the auxiliary fields, Lb + £\y gives rise to only two modifications in 
the original Lagrangian Co. It induces the fermion mass terms mentioned before, |A^jjAjAj, 
with 



e + rnr z£ 



M = -r a (8) 



2 



z£ e + mr 



and the scalar potential 



In order to prove that the full Lagrangian (|j) is indeed invariant under N = 2 super- 
symmetry, we will rederive it by using the N = 2 superspace formalism. In this formalism, 
N = 2 vector multiplets are described by reduced chiral superfields. The reducing con- 
straint n 

{e^D'a^fA = -96UA* (10) 
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eliminates unwanted degrees of freedom, in particular by imposing the Bianchi identity 
for the gauge field strength. In terms of the reduced chiral superfield A, the Lagrangian 
Co can then be written as 4 / d 2 9xd 2 9 2 J r (A) + c.c. C can also be written in terms of an 
unconstrained superfield A as: 

Co = lI ^^HH^) - A D A] + c.c. (11) 

where Ad is reduced superfield which plays the role of a Lagrange multiplier. Its equation 
of motion imposes the reducing constraint on A. Ad can also be identified with the dual 
superfield; the standard duality transformation amounts to rewriting C i n terms of A D 
after eliminating A with the use of its equations of motion, Ad = Ta- 

As in the N = 1 case Cq can be supplemented with a Fayet-Iliopoulos term, linear 
in the auxiliary components of A. N = 2 auxiliary fields form an SU(2) triplet Y with 
components Y n , n = 1,2, 3. For a reduced superfield, Y n are real and can be identified with 
the N = 1 auxiliary components F and D as follows: 

Y x + iY 2 = 2iF Y 3 = V2D . (12) 

Under N = 2 supersymmetry transformations, these auxiliary fields transform into total 
derivatives. Hence, a term linear in Y can be added to the action: 

Cd = \e-Y + c.c. , (13) 

where E n are arbitrary parameters which can be chosen to be real since their imaginary 
parts drop from the action. Furthermore, using the global SU(2) symmetry one can choose 
E to point in any direction. For instance, by choosing Ex = E 2 = 0, Cd becomes equivalent 
to (0) with £ = E 3 , while for Ex = E 3 = 0, Cd is equivalent to a iV = 1 superpotential (0) 
with e = E 2 and m = 0. 

A FI term can also be introduced for the auxiliary component Yd of the dual superfield 
A D , see eq. ([□]): 

C' D = ~M-Y D + c.c. , (14) 
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with arbitrary real M n . The full Lagrangian becomes: 

jC = £ + £ d + C' d =^J d 2 6 1 d 2 d 2 [T{A) - A D A] + -(E ■ Y + M ■ Y D ) + c.c. (15) 

Note that the presence of L' D affects the equation of motion with respect to the auxiliary 
component of the Lagrange multiplier Yd- As a result, the auxiliary component Y is no 
longer constrained to be real and acquires a constant imaginary part, Imy = 2M. Hence 
the full action depends on both the real and the imaginary part of E. Together with the 
real M we have now 9 real parameters. 

In order to make contact with the N = 1 Lagrangian fl5|), we perform an SU(2) trans- 
formation which brings the parameters M and KeE into the form 

M=(0 m 0) ReE = (0 e £) . (16) 

It is now straightforward to show that after elimination of auxiliary fields the N = 2 
Lagrangian ( Jl5| ) coincides with ([5]) up to an additive field-independent constant. Indeed, 
the scalar potential is given by: 

V = l ReE + Mt \ + 2M ■ ImE = V N=1 + 2mp , (17) 

where p = lmE 2 . 

From the above discussion it is clear that the D-term (|H|) involving the parameter M 
corresponds to a Fayet-Iliopoulos term for the dual magnetic U(l) gauge field. It can be 
obtained from the standard electric D-term ([13]) by a duality transformation A —* Ad. 
Indeed, by performing a symplectic Sp(2, R) ~ SL(2, R) change of basis 

'?)-(;:)(?) 

with a8 — /?7 = 1, one obtains from ( [15] ) the same form of Lagrangian with new parameters 
M' and E 1 given by 

(a (3 \ _ iCf . ] m p 

ImE' = M' . (19) 

7 8 J M 
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In the 577(2) "gauge" of eq.([l6[), this corresponds to 

/ u I \ 2 i 2 t 2ii/2 / (am + 7e)(/?m + <5e) +7^ 2 , £m , pm 

m = (am+7e) +7 4 v e = £ = — - p = — - . (20) 

ml ml ml 

We now turn to the minimization of the scalar potential (|T7|). It has obviously a 
stationary point at r a = 0. However, this is in general a saddle point since V aSi = 0.[| 

For m ^ 0, a stable minimum exists atQ 

ri = -- r 2 = £ , (21) 

m m 

with the minimum value V = 2m(£ + p). In this vacuum, the complex scalar a acquires the 
mass Ai a = 77i|r |. After diagonalizing the fermion mass matrix (|8]) we find one massless 
fermion (x ~ -^)/v / 2, and one massive spinor (x + -^)/v^2, with the Majorana mass Ai a 
equal to the scalar mass. This degeneracy is not accidental. As we explain below, the 
vacuum Q2"ip preserves N = 1 supersymmetry, and the spectrum consists of one massless 
vector and one massive chiral multiplets. 

In order to discuss supersymmetry breaking, it is sufficient to examine the auxiliary 
field dependence of fermion transformations under N = 2 supersymmetry: 

6\ t = ^=Y n e^a n y k r ] k + ... (22) 

where a n are the Pauli matrices and the spinors i] k , k = 1,2, are the transformation 
parameters. As we have shown before, the effect of the magnetic FI term fll4]) , after 
elimination of the Lagrange multiplier, amounts to introducing a constant imaginary part 
for Y. In fact, the reducing constraint for N = 2 chiral superfields ( |10"D implies DY = DY*, 
which leaves precisely the same freedom. This constant, ImY = 2M, enters into the 
supersymmetry transformations (B2|) implying that generically both supersymmetries are 



4 A possible exception could arise in an unlikely case of an essential zero of r a at this point. 
5 Without losing generality we can choose to, £ > 0. 
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realized in a spontaneously broken mode. However, at the minimum ( ^jj) the real part of 
y acquires an expectation value, so that: 

2 

K = (ReE + Mri) + 2iM = 2m ( z -1) (23) 

As a result, 

5*-^ = 5*-^ = -2vmtf - rf ) (24) 

which shows that one supersymmetry, corresponding to the diagonal combination of the 
two, is preserved while the other one is spontaneously broken. The massless goldstino is 
identified as (% — A)/ V2, in agreement with the spectrum found before. 

The presence of the magnetic FI term in ([15]) introduces into the Lagrangian one ad- 
ditional parameter besides m, p = Imi^, which enters only as an additive constant in the 
scalar potential (|i~?D. From the above analysis it is natural to choose p = — £ so that the 
potential vanishes at the N — 1 supersymmetric minimum fl2"T|). Note that this is consis- 
tent with the symplectic transformations ([H]). The "cosmological" constant p could play 
important role once the theory is coupled to gravity. 

For £ = the minimum ([H]) occurs at a point where the metric T2 vanishes. This 
can happen either at "infinity" of the a-space or at finite singular points where massless 
particles appear. The quantum numbers of such states, including electric and magnetic 
charges, as well as quantization conditions, depend on details of the underlying theory. 
Its dynamics determines also the non-perturbative symmetries which form a (discrete) 
subgroup of Sp(2, R). These states cannot be vector multiplets since unbroken non-abelian 
gauge group is incompatible with FI terms. Hence we assume that they are BPS-like 
dyons which form N = 2 hypermultiplets and that the minimization condition ( plf ) defines 
a point a = do where one of these hypermultiplets becomes massless. This can happen 
only if the parameters (m, e) are proportional to its magnetic and electric charges (mo, eo), 
(m, e) = c(m ,eo). In order to analyze the behavior of the theory near a , one has to 
include the massless hypermultiplet in the effective field theory as a new degree of freedom. 
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This can be done by performing the duality transformation A — > A = e$A + ihqTa-, which 
makes possible local description of the dyon-gauge boson interactions. In N — 1 superspace 
the superpotential (0) becomes: 

W = ca + V2h<p + <p- , (25) 

where (j)^ are the two chiral superfield components of the hypermultiplet, and a is the chiral 
component of A. 

The superpotential fl2"5]) describes N = 2 QED with a Fayet-Iliopoulos term proportional 
to c [0]. The minimization conditions of the respective potential are W§± = which is 
automatically satisfied at a = (a = ao) and 

W~ a = c + V2(f) + (j)- = , D = = |0+| 2 - \(p-\ 2 . (26) 

As a result the dyonic hypermultiplet condenses in a iV = 2 supersymmetric vacuum. For 
instance if e = 0, the dyonic state is a pure monopole and the VEV of the scalar field a 
is driven to the point where the monopole becomes massless and acquires a non-vanishing 
expectation value. Its condensation breaks the magnetic U(l) and imposes confinement of 
electric charges. This situation is similar to the case considered in ref.[^] in the context 
of SU(2) Yang-Mills with an explicit mass term for chiral components of gauge multiplets 
which breaks N = 2 supersymmetry explicitly to N = 1. 

For m — 0, the scalar potential (|17|) has a runaway behavior, V — > as r 2 — > oo. This 
case is equivalent by a duality transformation to the the case m ^ 0, ( = discussed above. 
The runaway behavior can be avoided if there are singular points corresponding to massless 
electrically charged particles. At these points the metric r 2 has a logarithmic singularity 
and the massless states have to be included explicitly in the low energy Lagrangian to 
avoid non-localities. A similar analysis of the effective theory shows that a is driven then 
to the points where the massless hypermultiplets get non-vanishing VEVs breaking the 
£7(1) gauge symmetry while N = 2 supersymmetry remains unbroken. 
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In the context of string theory, this phenomenon is similar to the effect induced by a 
generic superpotential near the conifold singularity of type II superstrings compactified on 
a Calabi-Yau manifold |7] . In this case, the massless hypermultiplets are black holes which 
condense at the conifold points. It has been shown recently that such a superpotential can 
be generated by a VEV of the 10-form which in four dimensions corresponds to a magnetic 
FI term, and that the black hole condensation at the conifold point leads to new N = 2 
type II superstring vacua |§. 

The generalization of the above analysis to the case of several abelian multiplets is 
straightforward. In addition to the usual "electric" FI term for a linear combination of 
D-terms one can add a "magnetic" FI term for a different combination. It is clear from 
our discussion in the framework of N = 1 supersymmetry that in a general N = 2 su- 
persymmetric theory one can introduce three parameters m, e, £ for each abelian vector 
multiplet. It is a very interesting question whether electric and magnetic Fayet-Iliopoulos 
terms described in this work can be generated dynamically, for instance by an underlying 
non-abelian gauge theory. It is clear that instantons do not generate them since they give 
rise only to correlation functions involving at least four fermions whereas FI terms are 
associated with fermion bilinears However, one cannot a priori exclude the existence 
of other non-perturbative effects, possibly related to gaugino condensation, which could 
generate this type of terms in the effective action. 
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